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Abstrat. Let p/q (p, q ∈ N∗) be a positive rational number suh that p > q2.
We show that for any ε > 0, there exists a set A(ε) ⊂ [0, 1[, with nite border
and with Lebesgue measure < ε, for whih the set of positive real numbers λ
satisfying < λ(p/q)n >∈ A(ε) (∀n ∈ N) is unountable.
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1. Introdution
Throughout this paper, ⌊x⌋ and < x > denote respetively the integer and the
frational part of a given real number x and ‖x‖ denotes the distane from x to the
nearest integer.
The distribution of the frational parts of rational numbers is an important and
fertile subjet by the numerous problems onneted to whih. The most famous of
those problems is the determination of the exat values g(n) (n ∈ N∗) of Hilbert-
Waring's theorem
1
. This last problem is oddly related to the distribution of the
sequene {< (3/2)n >}n≥1. Indeed, we know for instane (see e.g. [6℄) that if an
integer n > 6 satises:
(∗) < (3/2)n >≤ 1− (1/2)n (⌊(3/2)n⌋+ 3) ,
then we have:
(∗∗) g(n) = 2n + ⌊(3/2)n⌋ − 2.
A variant of this last result onsists to replae (∗) by:
‖(3/2)n‖ > (3/4)n
and always onlude to (∗∗) (see also [1℄ for a survey of results on Waring's problem).
Further, K. Mahler [7℄ showed that (∗) is satised for any suiently large n, i.e.,
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Here g(n) denotes the least positive integer suh that any positive integer an be written as a
sum of g(n) nth powers of non-negative integers.
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for any integer greater than some positive integer n0
2
. It follows that (∗∗) holds
for any suiently large integer n. The problem of knowing starting from whih
positive integer preisely (∗∗) is satised is always open. Sine it is well known that
(∗∗) holds for the rst small values of n, it is very probable that it holds for all
n ∈ N∗.
One of the rst important studies about the distribution of the frational parts
of the powers of rational numbers was that of T. Vijayaraghavan [10℄. This last
showed that
for any rational number p/q (p, q ∈ N∗, p > q), the sequene
{< (p/q)n >}n∈N has an innitely many limit points.
It is however urious to note that Vijayaraghavan's method does not make it possible
to say if there is an innitely many limit points of the sequene {< (3/2)n >}n in
eah interval [0, 1/2[ and [1/2, 1[. In [10℄, one onjetures that this is the ase and
one also onjetures that one has:
(∗ ∗ ∗) lim sup
n→+∞
< (3/2)n > − lim inf
n→+∞
< (3/2)n >>
1
2
.
K. Mahler [8℄ formulated the onjeture whih stating that
There is not real positive number λ suh that:
< λ(3/2)n ><
1
2
(∀n ∈ N).
Suh numbers λ are alled Z-nombres. The onjeture of K. Mahler thus amounts
to say that Z-numbers do not exist.
In the diretion to prove (∗ ∗ ∗), L. Flatto, J. C. Lagarias and A. D. Pollington
[4℄ showed that for any real positive number λ and any rational number p/q (with
p, q ∈ N∗, p > q), we have:
lim sup
n→+∞
< λ(p/q)n > − lim inf
n→+∞
< λ(p/q)n >≥ 1
p
.
This result is generalized very reently by A. Dubikas [2℄ whih deal with algebrai
numbers instead of rational numbers. One of the important onsequenes of the
results of [2℄ is that the sequene {< λ(3/2)n >}n (λ > 0) admits at least one limit
point in the interval [0.238117 . . . , 0.761882 . . . ].
Further, A. D. Pollington [9℄ had already shown that the set of real positive num-
bers λ satisfying ‖λ(3/2)n‖ > 465 (∀n ∈ N) has positive Hausdor dimension, on-
sequently it is unountable.
In [3℄, the author showed some results onerning the distribution modulo 1 of
geometri progressions. The basi result states that for all r > 1, the set
Er :=
{
λ > 0 | ‖λrn‖ ≤ 1
r − 1 (∀n ∈ N)
}
2
It must be noted that none estimate from above of n0 is known. This stems from the infetivity
of Roth's diophantine theorem used by K. Mahler.
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is unountable.
One of the onsequenes of this result is that for all r ∈]3,+∞[∪{2, 3, 5/2}, the set
of real positive numbers λ for whih the sequene {λrn}n∈N is not dense modulo
1, is unountable (f. Corollary 2 or 2.2 of [3℄). We remark here that the rational
numbers 2, 3 et 5/2 appear as partiular ases! If we look losely at the method
used to deal with the ase r = 5/2, we see that the serey of this partiularity is
that these three numbers all have the form p/q (p, q ∈ N∗) with p > q2. In this
note, we take up the idea of the proof of Corollary 2.2 (ase r = 5/2) of [3℄ and
apply it to the more general ase of the rational numbers p/q (p, q ∈ N∗, p > q2).
We will establish in this way a new information onerning the distribution modulo
1 of geometri progressions whih have for ommon ratio suh rational numbers.
2. The Result
Theorem 1. Let r = p/q (p, q ∈ N∗) be a rational positive number suh that p > q2.
Then, for any ε > 0, there exists a set A(ε) ⊂ [0, 1[, with nite border and with
Lebesgue measure < ε, for whih the set of positive real numbers λ satisfying:
< λrn >∈ A(ε) (∀n ∈ N)
is unountable.
Proof. The fat p > q2 implies
lim
k→+∞
2
rk − 1(1 + q + q
2 + · · ·+ qk−1) = 0.
So, given ε > 0, we an get k ∈ N∗ suh that
(1)
2
rk − 1(1 + q + q
2 + · · ·+ qk−1) < ε.
Let us x suh a k and put s := rk. Aording to the theorem 1 (or 2.1) of [3℄, the
set
Es :=
{
λ > 0 | ‖λsn‖ ≤ 1
s− 1 (∀n ∈ N)
}
is unountable. It thus sues to show that for all λ ∈ Es, the sequene {< λrn >}n∈N
lies in a nite union of intervals whose sum of lengths < ε. Let λ ∈ Es, arbitrary.
We have for all ℓ ∈ N:
< λrkℓ >=< λsℓ >∈ [0, 1
s− 1 ] ∪ [1−
1
s− 1 , 1].
This shows that the sequene {< λrkℓ >}ℓ∈N lies in a union of two intervals whose
sum of lengths equal to
2
s−1 . Now, using the elementary fat stating that
When the frational part of a real x lies in a nite union of intervals
whose sum of lengths ≤ α (α > 0) then, given a, b ∈ N∗, the
frational part of the real
a
bx lies in a nite union of intervals whose
sum of lengths ≤ aα,
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we dedue that for all u ∈ {1, 2, . . . , k − 1}, the sequene {< λrkℓ−u >}ℓ≥1 lies in
a nite union of intervals whose sum of lengths ≤ 2qus−1 . Sine eah n ∈ N an be
written in one of the forms: kℓ (ℓ ∈ N), kℓ − 1, kℓ − 2, . . . , kℓ − (k − 1) (ℓ ∈ N∗),
it follows that the sequene {< λrn >}n∈N lies in a nite union of intervals whose
sum of lengths
≤ 2
s− 1(1 + q + q
2 + · · ·+ qk−1) < ε (from (1)),
as required. The proof is omplete. 
Remark 1: If we replae in Theorem 1 the expression unountable by innite
and we do not require with A(ε) to have a nite border, the statement whih we
obtain is obvious. Indeed, it sues to pik a ountable innite set Γ ⊂]0,+∞[ and
to take:
A(ε) := {< λrn > | λ ∈ Γ, n ∈ N}.
Then, we would have #A(ε) ≤ #(Γ×N), whih implies that A(ε) is either nite or
unountable, onsequently it has Lebesgue measure zero.
Remark 2: Contrary to the set Q∗+ of rational positive numbers, the set
Q1 := {p/q | p, q ∈ N∗, p > q2}
is representable by an inreasing sequene. This follows from the fat that for
all n ∈ N∗, the set Q1 ∩ [1, n] is nite. In order to prove this for a given n, let
p/q ∈ Q1 ∩ [1, n], where p, q ∈ N∗. Then we have q < pq ≤ n and then p = pq q ≤ n2.
The positive integers p and q are thus bounded, whih implies that the set Q1∩[1, n]
is eetively nite and its ardinal is ≤ n3. So, we an ask the question about the
value (if it exists) of the limit of
#(Q1∩[1,n])
n3 (≤ 1) when n tends to innity.
It is an easy exerise to show that we have for any n ∈ N∗:
#(Q1 ∩ [n, n+ 1[) = ϕ(1) + ϕ(2) + · · ·+ ϕ(n)
where ϕ being the Euler indiator. Sine we know that ϕ(1) + ϕ(2) + · · ·+ ϕ(n) =
3n2
π2 +On(n logn) (see e.g. 6 of [5℄), we dedue that
#(Q1 ∩ [1, n]) ∼n 1
π2
n3.
The required limit thus exists and equal to
1
π2 . In other words, if rn denotes the n
th
element of Q1 for the inreasing order, then we have rn ∼ π2/3 3
√
n. To onlude,
this is the rst elements of Q1:
2,
5
2
, 3,
10
3
,
7
2
,
11
3
, 4,
17
4
,
13
3
,
9
2
,
14
3
,
19
4
, 5, . . . et.
Open problem: Theorem 1 is it true for any rational number p/q > 1? The ase
p/q = 3/2 is partiulary interesting.
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